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Introduction: Free Convection vs Forced Convection

Natural or free convection is a type of heat and mass transport in which fluid motion is
generated only by density differences between fluids, for example, a density difference
occurring due to temperature change. Unlike forced convection, natural convection is not driven
by external forces such as a pump, vacuum, or suction forceye,,.. Natural convection can be
observed in many common processes such as the hot air rising in thermal updrafts that help
birds fly, and the heat being carried away from a slice of pizza as it coolSgrey-

The general process for natural convection is as follows: fluid receives heat, thermal expansion
occurs, fluid becomes less dense, heated fluid rises. The creation of convection currents relies
on three principal assumptionsyp.,-

1. Presence of a heat source - convection currents generated by density differences
created by temperature gradients
2. Presence of proper acceleration - gravitational field, acceleration, centrifugal force, etc.
a. Free convection cannot happen without acceleration, for example, a candle will
not fully light in space because combustion of a candle wick requires free
convection to supply to flame with airy,sa -


https://www.nuclear-power.net/nuclear-engineering/heat-transfer/convection-convective-heat-transfer/natural-convection-free-convection/definition-of-natural-convection/
https://www.nuclear-power.net/nuclear-engineering/heat-transfer/convection-convective-heat-transfer/natural-convection-free-convection/definition-of-natural-convection/
https://science.nasa.gov/science-news/science-at-nasa/2013/18jun_strangeflames
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[Fig.1 Flame on Earth (left) and flame in microgravity (right) yasal

3. Proper geometry - allows for natural convection and is solely thermal conduction
a. For example, if the temperature gradient goes in the same direction as the
acceleration, there will only be conduction and no convection.

Natural Convection Properties

The principle difference in motion equations for natural convection is that density is temperature
dependent. We still ignore viscosity and thermal conductivity changes with temperature. As with
any model, we use the given conditions to make a series of assumptions in order to
approximate the flow characteristics. With the Boussinesq approximation, which applies in most
cases, we assume the change in density from nominal value ¢.. is small relative to the total
density. This density can be represented as:

p = pw(l + B(T - Tw)) Density for natural convection

Where T is the temperature in Kelvin and Bis the volumetric expansion coefficient (a property of
the material), which for gas is = % If the change in density due to heating is small, we can

assume a variable density only matters in the gravitational body force and thus variation with
temperature is negligible. Incorporating these assumptions, the equations become:
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https://science.nasa.gov/science-news/science-at-nasa/2013/18jun_strangeflames
https://science.nasa.gov/science-news/science-at-nasa/2013/18jun_strangeflames
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Of note, there is a force within the momentum equation that is proportional to the temperature,
thus incorporating the changing temperature causing less dense air to rise (through the buoyant
force). These equations can be made dimensionless as shown below:
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We choose U, to be U, =+ /Bg(TS — T_)¢ and can reduce the final momentum equation to:

v
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We make use of the Reynolds number, Re, which is defined in natural convection as Re = +/Gr
where ‘Gr’ is the Grashof number. The Grashof number is the ratio of buoyant to viscous forces
and is defined as having a driven velocity field. The Grashof number represents the system’s
tendency towards turbulence. For natural convection, Gr is defined as:
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The relationship between Gr and Re can be especially useful when there are both natural and
forced convection components of a problem.

If Gr/Re? is large — natural convection dominates
If Gr/Re? = 1 — both natural and forced convection play a role

In order to quantify the enhancement of vertical heat flux due to convection, we utilize the
Nusselt number ‘Nu’. The average Nusselt number is a function of the Grashof and Prandtl ‘Pr’
numbers (Pr is usually given for a material):

Nu = f(Gr,Pr) = f(Ra, Pr)

Later on we will see that different forms of natural convection will have characteristic
relationships between Nu and Ra such that average Nu is written:

Nu = c *Ra" Nusselt number



Another handy relation is:

Where h is the average heat transfer coefficient, ¢ is the height of the container, and k is the
thermal conductivity.

Related is the Rayleigh number ‘Ra’, also used to describe natural convection, giving a relation
between the Grashof and Prandtl numbers. We take Ra to be:

Ra = Gr * Pr Rayleigh number relation

Specific Application of Natural Convection: Rayleigh-Bénard
Convection

Introduction to Rayleigh-Bénard convection

One interesting phenomenon within natural convection is the process of Rayleigh-Bénard
convection. This involves a buoyancy driven flow of fluid heated from the bottom and cooled on

the topy.
cold
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[Fig.2 Rayleigh Benard convection pattern]
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When both top and bottom are held at the same temperature, the fluid is asymptotically stable.
As the bottom temperature increases, the temperature (and with it pressure and density) will
vary linearly across the vertical plane of fluid. Once conduction is established, microscopic
movements will spontaneously organize macroscopically into regular patterns of convection
cells called Bénard cells. These are formed by the motion of the upwards moving, less dense,
heated fluid in a thin layer of fluid,;.


https://www.mis.mpg.de/applan/research/rayleigh.html
https://en.wikipedia.org/wiki/Rayleigh%E2%80%93B%C3%A9nard_convection
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Fig.3 Bernard cell formations in gold paint dissolved in acetone.

This phenomenon can be observed commonly in miso soup or hot chocolate where the bottom
is hot and cooler ambient air surrounds the opening at the top. The fluid takes on interesting
characteristic motions to create such formations.
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Fig.4 Bernard cells form through unique fluid motion.

As seen above in Fig.4, the fluid patterns create different visible cells by motions such as rolling
or donut-like movement. These are only a few of the possible configurations, other variations
have been observed to produce hexagonal, linear, or spiral-shaped motion profiles.

Rayleigh-Bénard Instability

Because of the density gradient, gravity pulls cooler and denser fluid from the top to the bottom.
The gravitational force is opposed by viscous damping force in the fluid. The balance between
the gravitational and viscous damping forces can be represented by the Rayleigh number. In
such case, we define the Rayleigh number as:

Ra = %;L(Tb - Tu){,’3 Rayleigh number

Where Tu is the temperature of the upper plate, Tbis the temperature of the bottom plate, ¢ is

the height of the container, vis the kinematic viscosity, ais the thermal diffusivity, gis the
acceleration due to gravity, and is still the thermal expansion coefficient,;.


https://en.wikipedia.org/wiki/Rayleigh%E2%80%93B%C3%A9nard_convection
https://youtu.be/TG1f0BhxMxY
http://www.scholarpedia.org/article/Rayleigh-B%C3%A9nard_convection
https://en.wikipedia.org/wiki/Rayleigh%E2%80%93B%C3%A9nard_convection

The Raleigh number can be thought of as the ratio of buoyancy and viscosity forces times the
ratio of momentum and thermal diffusivities ;.

Ra = ( buoyancy forces )( thermal dif fusivity )
"\ viscosity forces momentum dif fusivity

A low value indicates laminar flow and a high value indicates a turbulent flow. Below a certain
value means that there is no fluid flow and heat transfer happens via conduction, not
convection,,;. The critical values for this depends on the application, but for a horizontal flat

plate the transition happens at Ra = 107MII.

Small Temperature Differences

When the temperature differences between top and bottom are small, heat flows from hot to
cold (bottom to top) by conduction. The fluid near the bottom hotter area is less dense and
wants to rise, but the geometry constrains it. When the temperature difference is low enough,
the conduction state is stable and the fluid is at rest.

Large Temperature Differences

When the temperature differences between top and bottom are large enough, the situation
becomes unstable and convection rolls set in.

[Fig.5 Convection rolls]

Some fluid rises and other fluid sinks, creating the characteristic motion profile of natural
convection. At even higher temperatures, convection rolls break down and the motion becomes
chaotic/turbulent.

Equations of Motion
V.-v=0

d

—T +v- -Vl = AT

%(%v +v-Vv) — Av + Vp = RaTeZ

For the case of Rayleigh-Bénard convection, the Nusselt number is experimentally found to be
in relation to the Rayleigh number by

Nu ~ Ral/3


https://en.wikipedia.org/wiki/Rayleigh_number
https://en.wikipedia.org/wiki/Rayleigh_number
https://people.csail.mit.edu/jaffer/SimRoof/Convection/

Often there is a coefficient before Ra depending on the experimentally determined relationship.

Specific Application of Natural Convection: Mantle Convection [1
hour]

Another example of natural convection is mantle convection. Mantle convection is (probably) the
driving force behind plate tectonics ;. The lower mantle is heated by the earth’s core, which
causes the density of the mantle closest to the core to decrease. This produces familiar natural
convection behaviour where the less dense and hotter mantle rises and the more dense and
cooler mantle sinks towards the earth’s core. This causes the earth’s lithosphere, which rests on
top of the mantle to more, moving tectonic plates towards and away from each other ;.

[Fig.6 Mantle convection and layers of the earth .0, ]

Calculating Rayleigh’s Number for Mantle Convection

The earth’s mantle is a solid, but it acts like a fluid over geological timescales ;;, i.e. 1-20
cm/year which is the speed of mantle convection .

Raleigh number takes different forms for different types of heating, e.g. constant temperature
diff, constant basal heat flow, or constant volumetric heat generation.

If convection is driven by a constant volumetric heat generation, Rayleigh's number can be
found using the equation below.


https://en.wikipedia.org/wiki/Natural_convection
https://en.wikipedia.org/wiki/Mantle_convection
https://earthhow.com/mantle-convection-plate-tectonics/
https://en.wikipedia.org/wiki/Rayleigh_number
https://www.unf.edu/~n00006757/astronomylectures/ECP4e/07%20_LectureOutline_PPT/Mantle%20Convection%20Speed.pdf

ngaHDs
Ra = K
Where H is the rate of volumetric heat production, n is the dynamic viscosity, k is the thermal
diffusivity, D is the depth of the mantle, K is thermal conductivity, and « is the value of thermal
expansion. Note that this equation is slightly than the one used above, especially note that a is
not the thermal diffusivity, but instead the value of thermal expansion.

If convection is driven by a constant basal heat flow, or heat flow per area, the Raleigh number
can be found as below.

2 4
R gp, o@D
a = nkK

Where Q is the heat flow at the base of the mantle.

Mantle convection is driven by a mix of both of these. Lower mantle heating by the earth’s core
comes from three sources: primordial heat (or heat left over from earth’s creation), radioactive
decay of isotopes in the core, and heat created from the moon’s pull on earth,,,, Radioactive
decay, or radiogenic heat is an example of volumetric heat generation and primordial heat would
contribute to a constant basal heat flow rate.

Blog Post: Natural Convection [1.5 hours]

1. Try it yourself! Find or create an example of natural convection and take a photo/video of
it in action. See Rayleigh-Bénard convection for some ideas or find some new ones of
your own. Explain what is happening and how it is characteristic of natural convection.

Natural Convection Problems [3-4 hours]

2. A 10cm flat vertical plate is held at 261°C in 260°C water. The thermal expansion
coefficient B= 0.0022, the Prandtl number for 260°C Pr = 0.87, and the kinematic
viscosity for this same temperature v = 0.13 x 10, Given the relation between the
Rayleigh and Nusselt numbers discussed for Rayleigh-Bénard, and a coefficient of 0.1
for Ra, find the Nusselt number for this situation. .,

a. First, state the relationship between the Rayleigh and Nusselt numbers for this
problem in equation form.

b. Compute the Grashof number with the given information.

c. Find the Nusselt number.


https://www.khanacademy.org/partner-content/amnh/earthquakes-and-volcanoes/plate-tectonics/a/mantle-convection-and-plate-tectonics
https://www.nuclear-power.net/nuclear-engineering/heat-transfer/convection-convective-heat-transfer/natural-convection-free-convection/natural-convection-example-problem-with-solution/

3. A 2cm diameter cylinder is held at 350 K and immersed in air at 300 K. volumetric
expansion coefficient Bis 1/325, vis 1.84 x 10° m?/s, a is 2.62 x 10°m?/s, and thermal
conductivity k is 0.02m. Find the heat transfer coefficient for this scenario.

a.
b.

Compute the Rayleigh number.
Look up the Rayleigh number to find related ‘c’ and ‘n’ values for the Nusselt

number relation Nu = ¢ * Ra". Use these to find the average Nusselt number.
Determine the heat transfer coefficient. How does it compare to the rule of thumb
approximation that h = 10 W/m?K?

4. The two Rayleigh numbers above are equivalent but with slightly different parameters

a.

Check the units for the Raleigh number for constant volumetric heat generation
(write them out and make sure they cancel, Raleigh’s number should always be
dimensionless).

Check the units for the basal heat flow model Raleigh number.

Compare these two Raleigh numbers. Examine the terms that differ. Explain what
they are and how they are equivalent across the Raleigh numbers.



4. Solution




5. Calculate these Raleigh numbers and consider what they suggest about mantle
convection (the parts below will guide you through this). Consider the earth as a sphere
with the radius 6371 km with a lithosphere thickness of 150 km and that the core-mantle
boundary is at radius 2890 km. (Problem adapted from UNSY)

a.

b.

Calculate the basal heat flow or Q in Lz using 12 TWfor total heat flux q

m

Calculate the radiogenic or volumetric heat production or H in % using 12 TW
m

for total heat flux q.

Mantle convection is caused both by basal heat flow and radiogenic/volumetric
heat production. How would you combine both Raleigh numbers described in the
section “Calculating Rayleigh’s Number for Mantle Convection” to calculate the
combined Raleigh number?

If p, = 4000%,g=105—"§,a=3*10_5%,D=2890km,K:4

w
m*K ’
2

k=10° = andn = 10°? Pa * s, using the values from parts a and b and the
equation from part c, calculate the combined Raleigh number. What does this
number tell you about this flow? Is it more likely that it's laminar or turbulent? You
can mantle convection of this like convection from a horizontal flat plate.


http://www.geosci.usyd.edu.au/users/prey/Numerical/2-Lectures/SUCOGG22/Pract_Conv/ConvectionExercise.pdf
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